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1. Markov Chains

A Markov chain is astochastic process
{X,,n=0,1,2,...}

with finite or countable state space (generaly de-
noted by {0,1,2,...}.
If X,, =i, theprocessissaidtobein states.
P(Xpq1=17|Xo=1t0, X1 =11,...
P(Xpi1=j| Xn =1)

X, =) =

If thisisnot dependent onn, wesay that theMarkov
Chain is time-homogeneous (stationary) and we
simply write

These are called the (one-step) transition proba-
bilities of the process.

1.1. Note
Py >
> Py =

j=0

Let P denotethe matrix [P;;].

0 Vi,j>0

1 fori=0,1,...

1.2. Example

(Bhat) Professor Null isknown for hisintemperate
moods. If heis in an unpleasant mood during a

certain hour, the probability that hewill continueto
be unpleasant during the following hour is 0.4.

If heisin a pleasant mood during an hour, the
probability that hewill continueto be pleasant dur-
ing the following hour is 0.8.

The state spaceis

O =
1 =

unpl easant
pleasant

and the transition probabilitiesare

Pyo=04 Py =06
Pp=02 P;; =08

The transition matrix

p_ Pyo Pon
Py P
isthen
0.4 0.6
P =
0.2 0.8

Some questionswe might like to ask, include:

1. Given that he started the day in an unpleas-
ant mood what is the probability he will be
pleasant at the end of the day?

2. Suppose he sarts the day in an unpleasant
mood. How long does he stay unpleasant,
before changing his mood?
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3. Suppose he becomes unpleasant at some hour
of theday. What isthe expected length of time
needed for him to become pleasant?

1.3. Example
(Spitzer) Random walk (reflecting barrier)

P11 =1
Pi1 = p>0
P, 1 = g=1-p

fori =1,2,.... Thetransitionmatrix isof theform

o -
g 0 p
P:
g 0 p
1.4. Example

Random walk (adsorbing barrier)

Po)o = 1
P11 = p
P, 1 = g=1-p

fori =1,2,.... Thetransitionmatrix isof theform

S
o

1.5. Example
Bernoulli process

P
P,

I
K

I
[

|
]

fori =0,1,.... Thetransitionmatrix isof theform

S
]

1.6. Example
Gambler'sruin

P

P;o g=1-p

fori =0,1,.... Thetransitionmatrix isof theform

q p
qg 0 p
g 0 0 p

P:

We can define the n-step transition probabilities
P(Xomgn =j | Xpn =1) = pgﬂ

Note that W
Pij =P

1.7. Chapman-K olmogorov Equations
(n+m)
P

P(Xmin = j| Xo=1)

- ZP(Xm+n:jaXn:k|X0:i)

k=0
= Y P(Xpin =1 X0 =k, Xo=1)
k=0
P(X, =k| Xo=1)
- ARy
k=0



And, using matrix notation, we can write

prtm)  _—
P®

Ppim)
PYPW = pp = P?

and by induction

P(n) _ P(n—l+1) _ P(n—l)P — pn

1.8. Note

We often write

(n) _ pn
P’ = P
1.9. Example
Our professor
) 04 06 04 0.6
P =
0.2 0.8 0.2 0.8
0.28 0.72
0.24 0.76

2. Classification of States
Definition 3.1. State j is accessible from state i
(i — j)if Pj; > 0 for somen > 0.

Two states, i and j communicate (i < j) ifj is
accessible from, and i is accessible from j.

2.1. Note
i < isince
Pl=P(Xo=i|Xo=1i)=1
Properties
1. i < i (reflexive)

2. If i & jthen j < i (symmetric)

3. Ifi— jandj < ktheni < k (transitive)

Proof: 3n, m suchthat Pj; > 0and P} > 0.
Fromthe Chapman-K ol mogorov equationswe

have
o0
Pyt = > Prpy
r=0
> P;}P}Z >0
[ |

Given the above, the relation < is an equivalence
relation.

Definition 3.2. Two states that communicate with
each other are said to be in the same communicat-
ing class.

A Markov chain isirreducible if there is only
one communicating class.

2.2. Example

O NIk NIk
Wik NIk NIk
W Bk O

had one communicating class {0, 1,2} and isirre-
ducible.

O ~ O (@]
R AR O O

O Bk NIk NIR
O Bk NI NIR

had three communicating classes, {0, 1}, {2} and

{3}-

Definition 3.3. State i is said to have period d if
P = 0 except whenn = d, 2d, 3d, ... and d isthe
greatest integer with this property. We denote the
period of statei by d(i). A state with period 1 is
said to beaperiodic.

3-3



Theorem 3.1. Periodicity isaclass property. That 2.6. Example
is ifi — j thend(i) = d(j). Gambler's ruin. Consider random walk on the
integers{0,1, ..., N} where {0, N'} are adsorbing

Proof: 3m,n such that P/ > 0and PJ; > 0 states. That isfor p+ ¢ — 1

Suppose P;; > 0. Then

Pi,i—l = q forO<i< N
Also, P, > 0implies Ppo = 1
P 1
P% > Pips >0 R
and, hence
' We get
n+2s+m
P >0
. P ug = f* = O
Therefore, d(j) dividesn + s+ m andn + 2s+m. oN _
&), d(]) d|V|d$ Uj = f’L*N :pf;_i_l)N‘i'qf,Z(_LN 1= 1,,N—1
uN = fX’N =1

n+2s+m—(n+s+m)=s

whenever PS > 0. Therefore, d(j) dividesd(i). This produces
Similarly, it can be shown that d(7) dividesd(y).

p
2.3. Recurrence Therefore
Let Uz — Ul = gul
p
fl(l") = P(firstreturnto state; isat timen) q 0\ 2
 P(Xe A Xea i Xn—i|Xo—i) BTU2 = 5(2_’&1) (—) u1
2.4. Note No1
l-uy_1 = 1 U1
Forn>1 D
_ Zf(k)Pn k Hence
k=1
q q 2 q i—1
The system “restarts’ by going back to . Ui — U1 = U1 <§> + <§> + ot <§>
2.5. Note fori > 1. In other words,
1- i .
P(ever returningtoi| Xo = i) = Zf = fr U; = —q/p
n=1 iug ifg/p=1



Also, we have

— N
uy =1= %ul ifg/p#1
Nuy ifg/p=1
hence
1-(¢/p)" .
fomu=d To(gy TPFL2
i/N ifp=1/2

If the adversary has an infinite fortune, we can let
N — oo toget

1—(q/p)" ifp>1/2
0 ifp<1/2

fiss =

Definition 3.4. The mean recurrence time is
given by

Hi = infff’

n=1

Definition 3.5. State ¢ is said to be recurrent if
* = landtransient if f7; < 1.

Definition 3.6. A recurrent statei issaid to benull
recurrent if u; = oo and positive recurrent if
i < 0Q.

Recall thefollowing

Definition 3.7. Let X be a discrete random vari-
able with support on the nonnegative integers
{0,1,2,...}. The probability generating func-
tion (pgf) for X isgiven by

g(z) = B(z%) = Z 2"P(X =n)
n=0

for|z| < 1.
Define
Pii(z) = ZPﬁz" |z] < 1
n;O
Fii(z) = Z fin)z" |z] < 1
n=0

Note that

tisrecurrent < Fj;(1)

=1
tistransent & F;(1) <1

Recall

Zfi(ik)Pﬁ_k n=>1
k=1
f.(.o) = 0

k22

n —
Py =

Note however, that for the case n = 0 we get

0

Pig = Z fi(f)Plg_k
k=0
1 =20

which needsto be patched. Therefore, we use
PZ: = 5" + Z fi(ik)Pi?_k
k=0
forn > 0, where
1 ifn=0
0 ifn>0
From this, we get the probability generating func-

tion

The aboveistrue because if

A(z) = Zakzk
k=0

B(z) = Zbgze
=0

o0
E crz”
r=0

for |z| < 1, then

¢r = agb, + arby_1 + -+ a,bg
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Since we have

we get
Fii(z) = Pz
1

Taking thelimit on z from bel ow

1
imFi(2) = Fl) = 1= 57
Hence,
<1 if Py < oo (i transient)
F;; (1)
=1 if P; = oo (i recurrent)
Therefore
itransient < Y Pl(1) < oo
n=0
irecurrent & ZP{;(l) =00
n=0
2.7. Note

One must show (see text)

o0

M — limE.
DAY = limE(z)

n=0

o0
= 1imY fen
271
n=0

o0
= lim £ 2"
271
n=0

Theorem 3.2. Transence and recurrence are both

class properties

Proof: We have
m—+n—+uv m pn puv
ij > P PP

If i < j then we can choose

m suchtha P’ >0
v suchthat P >0

Summing both sides

o] o]
n m—+n—+v
Y P = Y P
n=0 n=0

o0
> P (Z p;;> P;
n=0
Now supposethat state i isrecurrent, then
o0 o0
Y P =o00= Y P =o00= jrecurrent
n=0 n=0
Similarly, if state j istransient, then
o0 o0
Y Pli<oo= Y Pl <oo=itransient
n=0 n=0
|

2.8. Example
Random walk (text page 67)

e One dimensional random walk on the inte-
gers. At each transition, the process moves
right one unit with probability p and left one
unit with probability ¢ = 1 — p. State 0 (and
all states) isrecurrent, if and only if p = 1.

e Two dimensional random walk with proba-
bilities of right, left, up and down each equa
to ‘—11 (symmetric random walk). State O (and
all states) isrecurrent.

e Threedimensional (symmetric) randomwalk
with probability % of going in each direction.
State O (and all states) istransient.



