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4 MARKOV CHAINS

4.1 Basic Results

A Markov chain is a sequence of random variablesX0, X1, . . .. It is an example
of astochastic process.

The range of the{Xn} is called thestate spaceand is generally denoted by
{0, 1, 2, . . .}.
If {Xn(ω) = i}, the process is said to be instatei.

P (Xn+1 = j |X0 = i0, X1 = i1, . . ., Xn = i) =

P (Xn+1 = j |Xn = i)

If this is not dependent onn, we say that the Markov Chain is time-homogeneous
(stationary) and we simply write

P (Xn+1 = j |Xn = i) = Pij

These are called the (one-step)transition probabilities of the process.

Definition 4.1. Theinitial probabilities are

αi = P (X0 = i)
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Note:

Pij ≥ 0 ∀i, j ≥ 0
∞∑

j=0

Pij = 1 for i = 0, 1, . . .

Let P denote the matrix[Pij ].

Example 4.1. The water in a reservoir can at one of two levels: low and high.
The level is observed at the end of each day. If the water level is low one day, the
probability that he will also be low the following day is 0.4.

If the level is high one day, the probability that it will be high the next day is 0.8.
The state space is

0 = low

1 = high

and the transition probabilities are

P00 = 0.4 P01 = 0.6

P10 = 0.2 P11 = 0.8

The transition matrix

P =




P00 P01

P10 P11




is then

P =




0.4 0.6

0.2 0.8




Some questions we might like to ask, include:

1. Given that the water level is high today. what is the probability it will be
high one week (seven days) later?

2. Given that the water level is low right now, how many days will it continue
to be low, before becoming high?



IE575 Stochastic Methods · Note Set 4 4-3

3. Suppose the water level becomes low. What is the expected length of time
needed for it to reach a high level again?

Example 4.2. (Spitzer) Random walk (reflecting barrier)

P0,1 = 1

Pi,i+1 = p > 0

Pi,i−1 = q = 1− p

for i = 1, 2, . . .. The transition matrix is of the form

P =




0 1

q 0 p · · ·
q 0 p

...




Example 4.3. Random walk (adsorbing barrier)

P0,0 = 1

Pi,i+1 = p

Pi,i−1 = q = 1− p

for i = 1, 2, . . .. The transition matrix is of the form

P =




1 0

q 0 p · · ·
q 0 p

...




Example 4.4. Bernoulli process

Pi,i+1 = p

Pi,i = q = 1− p
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for i = 0, 1, . . .. The transition matrix is of the form

P =




q p

q p · · ·
q p
...




Example 4.5. Gambler’s ruin

Pi,i+1 = p

Pi,0 = q = 1− p

for i = 0, 1, . . .. The transition matrix is of the form

P =




q p

q 0 p · · ·
q 0 0 p

...




Definition 4.2. We can define then-step transition probabilities

P (Xm+n = j |Xm = i) = P
(n)
ij

Note that
P

(1)
ij = Pij

4.1.1 Chapman-Kolmogorov Equations

P
(n+m)
ij = P (Xm+n = j |X0 = i)

=
∞∑

k=0

P (Xm+n = j, Xn = k |X0 = i)
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=
∞∑

k=0

P (Xm+n = j |Xn = k, X0 = i)

·P (Xn = k |X0 = i)

=
∞∑

k=0

P
(m)
kj P

(n)
ik

And, using matrix notation, we can write

P(n+m) = P(n)P(m)

P(2) = P(1)P(1) = PP = P2

and by induction
P(n) = P(n−1+1) = P(n−1)P = Pn

Note: We often write
P

(n)
ij = Pn

ij

Example 4.6. Our reservoir

P2 =




0.4 0.6

0.2 0.8







0.4 0.6

0.2 0.8




=




0.28 0.72

0.24 0.76




4.1.2 Classification of States

Definition 4.3. Statej is accessiblefrom statei (i → j) if Pn
ij > 0 for some

n ≥ 0.

Two states,i andj communicate(i ↔ j) if j is accessible fromi, andi is accessible
from j. Note: i ↔ i since

P 0
ii = P (X0 = i |X0 = i) = 1

Properties
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1. i ↔ i (reflexive)

2. If i ↔ j thenj ↔ i (symmetric)

3. If i ↔ j andj ↔ k theni ↔ k (transitive)

Proof: ∃n,m such thatPn
ij > 0 and Pm

jk > 0. From the Chapman-
Kolmogorov equations we have

Pn+m
ik =

∞∑

r=0

Pn
irP

m
rk

≥ Pn
ijP

m
jk > 0

Given the above, the relation↔ is anequivalence relation.

Definition 4.4. Two states that communicate with each other are said to be in the
samecommunicating class.

A Markov chain isirreducible if there is only one communicating class.

Example 4.7.

P =




1
2

1
2 0

1
2

1
2

1
4

0 1
3

2
3




had one communicating class{0, 1, 2} and is irreducible.

P =




1
2

1
2 0 0

1
2

1
2 0 0

1
4

1
4

1
4

1
4

0 0 0 1




had three communicating classes,{0, 1}, {2} and{3}.
Definition 4.5. Statei is said to haveperiod d if Pn

ii = 0 except whenn =
d, 2d, 3d, . . . andd is the greatest integer with this property. We denote the period
of statei byd(i). A state with periodd = 1 is said to beaperiodic.

Theorem 4.1. Periodicity is a class property. That is, ifi ↔ j thend(i) = d(j).
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Proof: ∃m,n such thatPm
ij > 0 andPn

ji > 0 SupposeP s
ii > 0. Then

Pn+s+m
jj ≥ Pn

jiP
s
iiP

m
ij > 0

Also, P s
ii > 0 implies

P 2s
ii ≥ P s

iiP
s
ii > 0

and, hence
Pn+2s+m

jj > 0

Therefore,d(j) dividesn + s + m andn + 2s + m. So,d(j) divides

n + 2s + m− (n + s + m) = s

wheneverP s
ii > 0. Therefore,d(j) dividesd(i).

Similarly, it can be shown thatd(i) dividesd(j). Henced(i) = d(j).

4.1.3 Recurrence

Note: The textbook calls thispersistence.

Let

f
(n)
ii ≡ P (first return to statei is at timen)

= P (X1 6= i, . . ., Xn−1 6= i,Xn = i |X0 = i)

Note: Forn ≥ 1

Pn
ii =

n∑

k=1

f
(k)
ii Pn−k

ii

The system “restarts” by going back toi. Note:

P (ever returning toi |X0 = i) =
∞∑

n=1

f
(n)
ii ≡ f?

ii

Example 4.8. Gambler’s ruin. Consider random walk on the integers
{0, 1, . . ., N} where{0, N} are adsorbing states. That is forp + q = 1

Pi,i+1 = p for 0 < i < N

Pi,i−1 = q for 0 < i < N

P0,0 = 1

PN,N = 1
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We get

u0 ≡ f?
0N = 0

ui ≡ f?
iN = pf?

i+1,N + qf?
i−1,N i = 1, . . ., N − 1

uN ≡ f?
NN = 1

This produces

ui+1 − ui =
q

p
(ui − ui−1) i = 1, . . ., N − 1

Therefore

u2 − u1 =
q

p
u1

u3 − u2 =
q

p
(u2 − u1) =

(
q

p

)2

u1

...

1− uN−1 =
(

q

p

)N−1

u1

Hence

ui − u1 = u1

[(
q

p

)
+

(
q

p

)2

+ · · ·+
(

q

p

)i−1
]

for i > 1.

In other words,

ui =





1− (q/p)i

1− q/p
u1 if q/p 6= 1

iu1 if q/p = 1

Also, we have

uN = 1 =





1− (q/p)N

1− q/p
u1 if q/p 6= 1

Nu1 if q/p = 1
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hence

f?
iN = ui =





1− (q/p)i

1− (q/p)N
if p 6= 1/2

i/N if p = 1/2

If the adversary has an infinite fortune, we can letN →∞ to get

f?
i∞ =





1− (q/p)i if p > 1/2

0 if p ≤ 1/2

Definition 4.6. Themean recurrence timeis given by

µi ≡
∞∑

n=1

nf
(n)
ii

Definition 4.7. Statei is said to berecurrent if f?
ii = 1 andtransient if f?

ii < 1.
Note:

P (Xn = j i.o. |X0 = i) =





0 if fjj < 1

(j transient)

fij if fjj = 1

(j recurrent)

P (Xn = i i.o. |X0 = i) =





0 if fii < 1

(i transient)

1 if fii = 1

(i recurrent)

Compare this to Kolmogorov’s zero-one law, but note that the events{Xn = i} are
not independent here.

Definition 4.8. A recurrent statei is said to benull recurrent if µi = ∞ and
positive recurrent if µi < ∞.

Note: A recurrent statei is positive recurrent if, starting in statei, the expected
time until the process returns to statei is finite.



IE575 Stochastic Methods · Note Set 4 4-10

Note: In a finite Markov chain all recurrent states are positive recurrent.

Theorem 4.2. Transience and recurrence are both class properties

Example 4.9. Pólya’s Theorem (text page 118)

• One dimensionalrandom walk on the integers. At each transition, the pro-
cess moves right one unit with probabilityp and left one unit with probability
q = 1− p. State 0 (and all states) is recurrent, if and only ifp = 1

2.

• Two dimensionalrandom walk with probabilities of right, left, up and down
each equal to14 (symmetric random walk). State 0 (and all states) is recurrent.

• Three dimensional(symmetric) random walk with probability16 of going in
each direction. State 0 (and all states) is transient.

4.2 Limiting Behavior of Markov Chains

Consider the transition matrix for a two-state Markov Chain. . .

P =




0.7 0.3

0.4 0.6




Then

P2 =




0.61 0.39

0.52 0.48




P4 =




0.5749 0.4251

0.5668 0.4332




P8 =




0.572 0.428

0.570 0.430




Consider a two-state Markov chain,

P =




1− a a

b 1− b


 with





0≤ a ≤ 1

0≤ b ≤ 1

|1− a− b| < 1



IE575 Stochastic Methods · Note Set 4 4-11

Then

Pn =




b
a+b + a(1−a−b)n

a+b
a

a+b − a(1−a−b)n

a+b

b
a+b − b(1−a−b)n

a+b
a

a+b + b(1−a−b)n

a+b




Taking the limit onn, yields

lim
n→∞Pn =




b
a+b

a
a+b

b
a+b

a
a+b



≡ P∞

Note thatP∞
ij is independent ofi. So we define

πj ≡ P∞
ij

4.2.1 Ergodicity

Definition 4.9. If statei is positive recurrent and aperiodic, then statei is said to
beergodic

Theorem 4.3. For an irreducible, ergodic Markov chain,πj ≡ limn→∞ Pn
ij

exists, and is independent ofi. Furthermore,πi is the unique, nonnegative solution
to

πj =
∞∑

i=0

πiPij for j ≥ 0

1 =
∞∑

i=0

πi

Proof: See textbook.

Example 4.10. Consider the Markov chain with transition matrix

P =




0.5 0.4 0.1

0.3 0.4 0.3

0.2 0.3 0.5



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Solve, simultaneously, forπi ≥ 0 the following

π0 = 0.5π0 + 0.3π1 + 0.2π2

π1 = 0.4π0 + 0.4π1 + 0.3π2

π2 = 0.1π0 + 0.3π1 + 0.5π2

1 = π0 + π1 + π2

Note that one of the equations is redundant. Remove any equation other than the
last. This yields

π0 = 21
62 π1 = 23

62 π2 = 18
62

4.2.2 Computing Limiting Probabilities

Definition 4.10. Let P be a Markov chain. Letp = (p0, . . ., pn) with
∑

i pi = 1
andpi ≥ 0 for all i. Thenp is said to bestationary with respect toP if

pP = p

Note: This implies
pPn = p ∀n

Theorem 4.4. Let P be a Markov chain with limiting probabilitiesπi. Then
π = (π0, . . ., πn) is stationary with respect toP.

Proof: (For 2-state Markov chains) We see that

b(1− a)
a + b

+
ab

a + b
=

b

a + b
aa

a + b
+

a(1− b)
a + b

=
a

a + b

Note: If we set theinitial probabilities

αi = P (X0 = i) = πi
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then the unconditional probabilities

P (Xn = i) = πi

for all n since
pPn = p ∀n

To compute the limiting probabilities, note thatπ must solve

π = πP

1 = π1

In other words,

0 = π(P− I)
1 = π1

whereI is the identity matrix. Note that one of the above equations is redundant.

4.2.3 Expected Number of Visits

Let Nn
ij denote the number of visits to statej in n steps, given that the Markov

chain starts at statei. We would like to find

µ
(n)
ij ≡ E(Nn

ij)

Define

Y
(k)
ij =





1 if Xk = j andX0 = i

0 otherwise

P (Y (k)
ij = 0) = 1− P k

ij

P (Y (k)
ij = 1) = P k

ij

Therefore,
E(Y (k)

ij ) = P k
ij ∀k
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But

N
(n)
ij =

n∑

k=1

Y
(k)
ij

E(N (n)
ij ) =

n∑

k=1

P k
ij

For the two-state Markov chain, these yield



nb
a+b + a(1−a)[1−(1−a−b)n]

(a+b)2
na

a+b − a(1−a)[1−(1−a−b)n]
(a+b)2

nb
a+b − a(1−a−b)[1−(1−a−b)n]

(a+b)2
na

a+b − b(1−a−b)[1−(1−a−b)n]
(a+b)2




=




µ
(n)
00 µ

(n)
01

µ
(n)
10 µ

(n)
11




The fraction of time that you stay in statej given that you start in statei is

lim
n→∞

1
n

µ
(n)
00 = lim

n→∞
1
n

µ
(n)
10 =

b

a + b
= π0

lim
n→∞

1
n

µ
(n)
01 = lim

n→∞
1
n

µ
(n)
11 =

a

a + b
= π1

Let Ai denote the number of time periods a Markov chain stays in statei before
moving. Then

P (Ai = k) = (1− Pii)(Pii)k for n = 0, 1, 2, . . .

Note that this is a Bernoulli process, where

stay = failure

move = success
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4.3 Some Applications

4.3.1 Success Runs

P0,0 = 1

PN,N = 1

Pi,0 = pi

Pi,i = ri

Pi,i+1 = qi = 1− ri − pi

for i = 0, 1, . . .. The transition matrix is of the form

P =




1

p1 r1 q1

p2 r2 q2 · · ·

p3 r3 q3

...

1




What is the probability that we reach state 0 before stateN? Define

T = min{n ≥ 0;Xn = 0 orXn = N}
uk = P (XT = 0 |X0 = k)

Using the Law of Total Probability

uk = pk + rkP (XT = 0 |X1 = k)
+qkP (XT = 0 |X1 = k + 1)

uk = pk + rkuk + qkuk+1

for k = 1, . . ., N − 1

u0 = 1

uN = 0
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It can be shown that these equations are solved by

uk = 1−
(

qk

pk + qk

)
· · ·

(
qN−1

pN−1 + qN−1

)

for k = 1, . . ., N − 1

4.4 Another Success Runs Example

Pi,0 = pi

Pi,i+1 = 1− pi

for i = 0, 1, . . .. The transition matrix is of the form

P =




p0 1− p0

p1 1− p1

p2 1− p2 · · ·
...




Is state 0 recurrent or transient?

P (never return to 0|X = 0) =
∞∏

i=0

(1− pi)

State 0 is transient if ∞∏

i=0

(1− pi) > 0

which occurs when ∞∑

n=0

pn < ∞

Also,

f
(n)
00 =

n−2∏

i=0

(1− pi) > pn−1

Hence the probability of ever returning to state 0 is

∞∑

n=0

f
(n)
00 =

∞∑

n−1

(
n−2∏

i=0

(1− pi) > pn−1

)
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4.4.1 Simplex Pivots (Ross)

Consider a linear programming program

min cx

st Ax = b

x ≥ 0

whereA is an m × n matrix. Consider a simple Markov chain model for the
Simplex Algorithm to describe the movement from extreme point to extreme point.
Suppose that the algorithm is at thejth best extreme point. Then, after the next
pivot, the next extreme point is equally likely to be any of thej − 1 best extreme
points. In other words,

P11 = 1

Pij =
1

i− 1
j = 1, . . ., i− 1; i > 0

Let
Ti = min{n ≥ 0;Xn = 1 |X0 = i}

E(Ti) = 1 +
i−1∑

j=1

E(Tj |X1 = j)pij

= 1 +
1

i− 1

i−1∑

j=1

E(Tj)

Therefore,

E(T1) = 0

E(T2) = 1

E(T3) = 1 +
1
2

E(T4) = 1 +
1
3

(
1 + 1 +

1
2

)
= 1 +

1
2

+
1
3
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By induction, this yields

E(Ti) =
i−1∑

j=1

1
j

Furthermore, we note that

N =

(
n

m

)

and

TN =
N−1∑

j=1

Ij

where

Ij =





1 if the process ever visitsj

0 otherwise

Fact 4.1. I1, . . ., IN−1 are independent and

P (Ij = 1) =
1
j

1≤ j ≤ N − 1

Proof: Left to reader. Given the above fact, we have

E(TN ) =
N−1∑

j=1

1
j

Var(TN ) =
N−1∑

j=1

(
1
j

) (
1− 1

j

)

Note that ∫ N

1

dx

x
<

N−1∑

j=1

1
j

< 1 +
∫ N−1

1

dx

x

ln N <
N−1∑

j=1

1
j

< 1 + ln(N − 1)

ln N ≈
N−1∑

j=1

1
j
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HenceTN ≈ N(ln N, ln N) and for largen, m and n − m (using Sterling’s
approximation)

N =

(
n

m

)

≈ nn+1/2

(n−m)n−m+1/2mm+1/2
√

2π

Let c = n/m and we get

ln N ≈
(

mc +
1
2

)
ln(mc)

−
(

m(c− 1) +
1
2

)
ln(m(c− 1))

−
(

m +
1
2

)
ln m− 1

2
ln(2π)

≈ m

[
c ln

(
c

c− 1

)
+ ln(c− 1)

]

Since

lim
c→∞ c ln

(
c

c− 1

)
= 1

then for large values ofc, we get

ln N ≈ m(1 + log(c− 1))

Note: For example, supposen = 8000 andm = 1000. Using the Central
Limit Theorem, the number of simplex iterations required to solve the problem
has a probability distribution that is approximately Gaussian (normal) with mean
µ = (1000(1+ ln 7) and varianceσ2 = 1000(1+ ln 7).1 Since the probability that
a standard Gaussian distribution (µ = 0, σ2 = 1) exceeds 1.96 is 0.25, we have

2945 ± 1.96
√

2945

2945 ± 106

iterations would be required with probability 0.95.

What is truly remarkable, is the narrow width of this 95% prediction interval.

1That is, lettinga = m
(
1 + ln((n/m)− 1)

)
we getTN ≈ N(a, a)
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