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4 MARKOV CHAINS
4.1 Basic Results

A Markov chain is a sequence of random variabl&g, X1, .... Itis an example
of astochastic process.

The range of the{ X,,} is called thestate spaceand is generally denoted by
{0,1,2,...}.

If {X,(w) =i}, the process is said to be states.
P(Xy41=7|Xo =10, X1 =i1,..., X, =1) =
P(Xnq1=j|Xn =1)

If this is not dependent on, we say that the Markov Chain is time-homogeneous
(stationary) and we simply write

P(Xpi1=j|Xn=1)=PF;
These are called the (one-sté@nsition probabilities of the process.

Definition 4.1. Theinitial probabilities are
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Note:
P > 0 Vi,j>0

[o.¢]
» Pj = 1 fori=0,1,...
j=0

Let P denote the matrikP;;].

Example 4.1. The water in a reservoir can at one of two levels: low and high.
The level is observed at the end of each day. If the water level is low one day, the
probability that he will also be low the following day is 0.4.

If the level is high one day, the probability that it will be high the next day is 0.8.
The state space is

0 = low
1 = high

and the transition probabilities are

Pyp=04 Py =06
Pp=02 P;1=08

The transition matrix

p_ Poo  Pox
Pio P11
is then
04 06
P—
0.2 08
m

Some questions we might like to ask, include:

1. Given that the water level is high today. what is the probability it will be
high one week (seven days) later?

2. Given that the water level is low right now, how many days will it continue
to be low, before becoming high?
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3. Suppose the water level becomes low. What is the expected length of time
needed for it to reach a high level again?

Example 4.2. (Spitzer) Random walk (reflecting barrier)

P =1
Piv1 = p>0
Pi1 = q=1-p

fori =1,2,.... The transition matrix is of the form

[0 1
q 0 p
qg 0 p

Example 4.3. Random walk (adsorbing barrier)

Po7o =1
Pix1 = p
Pii1 = q=1-p

fori =1,2,.... The transition matrix is of the form

(1 0
qg 0 p
q 0 p

[
Example 4.4. Bernoulli process

P =
P, = q=1-p
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fori =0,1,.... The transition matrix is of the form

q p
q p
P=
q p

[
Example 4.5. Gambler’s ruin

P

Po = g=1-p

fori =0,1,.... The transition matrix is of the form

q p
qg 0 p
g 0 0p

Definition 4.2. We can define the-step transition probabilities

P(Xmin=j| Xm=1i) = P

Note that

4.1.1 Chapman-Kolmogorov Equations

ij = P(Xm+n:J|X0:Z)

00
= ZP(Xm—i-n:Jan:k‘XO:l)
k=0
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= > P(Xpmin=j|Xn=Fk Xo=1i)
k=0
-P( n:k|Xo:z')
And, using matrix notation, we can write
prtm) _— pr)pm)
P?® = pWpld —pp=p?

and by induction

Note: We often write

Example 4.6. Our reservoir

04 06 04 06
0.2 08 02 08

P2 =

028 072
0.24 076

4.1.2 Classification of States

Definition 4.3.  State; is accessiblefrom statei (i — j) if P} > 0 for some
n > 0.

Two states; andj communicate(i; < j)if j is accessible fromy andi is accessible
fromj. Note:i < i since

Pl=P(Xo=i|Xo=1i)=1

Properties
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1. i « i (reflexive)
2. If i < jthenj < ¢ (Ssymmetric)
3. Ifi «+ jandj < ktheni < k (transitive)

Proof: 3n,m such thatP;? > 0 and P > 0. From the Chapman-
Kolmogorov equations we have

00
n+m n pm
Pik - Z irt rk
r=0
n pm
> PP >0

Given the above, the relation is anequivalence relation.

Definition 4.4. Two states that communicate with each other are said to be in the
samecommunicating class.

A Markov chain isgrreducible if there is only one communicating class.

Example 4.7.

)
O NI NI
Wik NIk NIk
wiN D O

had one communicating cla¢e, 1, 2} and is irreducible.

b Ak O O

O BN NI NI
O Al NI NI
o dMr O O

had three communicating class¢8, 1}, {2} and{3}. =

Definition 4.5. State: is said to haveperiod d if P] = 0 except whem =
d,2d,3d,...andd is the greatest integer with this property. We denote the period
of statei by d(i). A state with period/ = 1is said to beaperiodic.

Theorem 4.1. Periodicity is a class property. That is,iit— j thend(i) = d(j).
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Proof: 3m, n such that’/?' > 0 andPj; > 0 Suppose’; > 0. Then

P;}“er > PPSP™ > 0

Jrt Ty
Also, P;; > 0 implies
P2 > PiPS>0

mn" 1
and, hence
ij;-l-Zs-l-m >0

Therefore(j) dividesn + s + m andn + 2s +m. So,d(j) divides
n+2s+m-—(n+s+m)=s
wheneverP; > 0. Therefored(j) dividesd(7).

Similarly, it can be shown that(i) dividesd(j). Henced(i) = d(j). m

4.1.3 Recurrence

Note: The textbook calls thipersistence

Let

fz.(.”) = P(first return to state is at timen)
P(X1#4,...,Xpn1#14, X, =1|Xo=1)

Note: Forn > 1
n
k) Hn—
P =Y 1 ey
k=1
The system “restarts” by going backioNote:

1

o
P(ever retuming ta | Xo = i) = >_ £ = f}

n=1
Example 4.8. Gambler’s ruin. Consider random walk on the integers
{0,1,..., N} where{0, N} are adsorbing states. Thatis for- ¢ = 1
Pii1 = p forO<i< N
Pii1 = q forO<i<N
Po =1
Pyn = 1
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We get
up = fon=0
w, = fin=pffiytafiiiy i=1...,N-1

This produces

q .
Ui+1—ui=§(ui—ui—1) i=1...,N-1

Therefore
_q
Up — Ul = —u1
p
g ~(q)\?
uz — Uy = (uz—ul)—<> ug
p p
N-1
l-uy_q1 = (q> ug
p
Hence , -
i
o) 2
b b b
fors > 1.

In other words,

1-(q/p) .

up  if 1

v T q/p #
iug if ¢g/p=1
Also, we have
1-(q/p) -
up if 1
unN = 1= 1 Q/p q/p 7&
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hence 1 (a/p)
—(g/p)" .
fiv=uw=4 1= (/PN o7z
i/N if p=1/2

If the adversary has an infinite fortune, we canNet- oo to get

1-(q/p)" ifp>1/2
0 if p<1/2

fise =
00

Definition 4.6. Themean recurrence timeis given by

e}

Hi = Z n i(in)

n=1

Definition 4.7. Statei is said to berecurrent if f7 = 1 andtransientif f < 1.
Note:

0 if fjj <1

(j transient)
P(X, =ji.0.|Xo=1) =
fij i fi=1

(j recurrent)

0 iffiu<1

(7 transient)
P(X, =ii.0.|Xg=1) =
1 iff=1

(7 recurrent)

Compare this to Kolmogorov's zero-one law, but note that the evefifs= i} are
not independent here.

Definition 4.8. A recurrent state is said to benull recurrent if 4; = oo and
positive recurrent if u; < oc.

Note: A recurrent staté is positive recurrent if, starting in staiethe expected
time until the process returns to stats finite.
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Note: In a finite Markov chain all recurrent states are positive recurrent.
Theorem 4.2. Transience and recurrence are both class properties
Example 4.9. Poblya’s Theorem (text page 118)

¢ One dimensionalrandom walk on the integers. At each transition, the pro-
cess moves right one unit with probabilityand left one unit with probability
q = 1— p. State 0 (and all states) is recurrent, if and only # %

e Two dimensionalrandom walk with probabilities of right, left, up and down
each equal té (symmetric random walk). State O (and all states) is recurrent.

e Three dimensional(symmetric) random walk with probabili%'of goingin
each direction. State 0 (and all states) is transient.

4.2 Limiting Behavior of Markov Chains

Consider the transition matrix for a two-state Markov Chain. ..

0.7 03
04 06

Then

0.61 039
052 048

05749 04251
0.5668 04332

0572 0428
0.570 Q430

Pé —

Consider a two-state Markov chain,
0<a<l1
P = with ¢ 0<bh<1
1-a—-b<1
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Then
b, a(l—a=b)" 4 _ a(l—a—b)"
pn a+b + a+b atd a+b
b b(l—a—b)" a 4 b(l—a—b)"
a+b a+b a+b a+b
Taking the limit onn, yields
b _a_
. a+b a+b
lim P" = =P
n—oo
b _a
a+b a+b

Note thatP* is independent of. So we define

T = P

4.2.1 Ergodicity

Definition 4.9. If statei is positive recurrent and aperiodic, then statis said to
beergodic

Theorem 4.3.  For an irreducible, ergodic Markov chaing; = lim, .o F;}
exists, and is independentiofFurthermore z; is the unique, nonnegative solution
to

oo
T = Zﬂ'ipij fOI'jZO
=0

oo
1 = Zm
=0

Proof: See textbook.

Example 4.10. Consider the Markov chain with transition matrix

05 04 01
P=103 04 03
02 03 05
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Solve, simultaneously, far; > 0 the following

m0 = 0.579+ 0.37m1 + 0.2m2

w1 = 0.4mg+ 0.471 4+ 0.3m
m = 0.1mg+ 0.371 + 0.5m
1 = mo+m+m

Note that one of the equations is redundant. Remove any equation other than the

last. This yields

21 23 18
T0=6 M= ™= 8

4.2.2 Computing Limiting Probabilities

Definition 4.10. LetP be a Markov chain. Lep = (po,...,p,) With> ", p; =1

andp; > Ofor all 7. Thenp is said to bestationary with respect tdP if

pP=p

Note: This implies
pP"=p Vn

Theorem 4.4. LetP be a Markov chain with limiting probabilities;.

m = (mo, ..., T, ) IS Stationary with respect tb.

Proof: (For 2-state Markov chains) We see that

b(1—a) n ab b
a+b a+b a+b
aa al-b) a

a+b a+b  a+b

Note: If we set theinitial probabilities

a;=P(Xo=1)=m;

Then
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then the unconditional probabilities

P(X,=1i)=m;
for all n since

pP"=p Vn

To compute the limiting probabilities, note thatmust solve

T = 7P
1 = 71
In other words,
= 7(P-1)
1 = 71

wherel is the identity matrix. Note that one of the above equations is redundant.

4.2.3 Expected Number of Visits

Let N;: denote the number of visits to staten n steps, given that the Markov
chain starts at state We would like to find

(n)

pij) = B(NG)
Define
! 0 otherwise
Py =0 = 1-F}
Py =1) = P
Therefore,
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But

n

(n)  _ (k)
N7 o= Y
k=1

My N pk
E(Nij ) = Zpij
k=1

For the two-state Markov chain, these yield

b a(d=a)[1-(1—a—b)"] na___ a(l—a)[l-(1—a—b)"]
a+b (a+b)? a+b (a+b)?

nb _ a(l-a—b)[1-(1-a—b)"] na _ b(l—a—b)[1-(1-a—b)"]

a+b (a+b)? a+b (a+b)?
(n)  (n)
B No% Noﬁ
nie niy

The fraction of time that you stay in statayiven that you start in states

) 1 L 1 (n) _ b B
Jim oo = Jim D = oy = o
Ll e .l a
Am et = im S = g =

Let A; denote the number of time periods a Markov chain stays in sta¢fore
moving. Then

P(A; = k)= (1— Py)(Py)* forn=0,1,2,...
Note that this is a Bernoulli process, where

stay = failure
move = success
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4.3 Some Applications

4.3.1 Success Runs

fori=0,1,

What is the probability that we reach state 0 before sté&®eDefine

Poo

Py N
Pio
P ;

Pt

p1
D2

b3

T=min{n >0;X,=00rX, =N}
Using the Law of Total Probability

1

1
1

bi
T

g =1—ri—p;

q1

2

.... The transition matrix is of the form

q2

3 g3

1

U = pk+TkP(XT:O|X1:k)

+qu(XT:0‘X1:k+1)
Up = Pkt Tpup + QU1
fork=1...,.N-1

u = 1

UNZO
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It can be shown that these equations are solved by

_ < qk > ( qN-1 )
w, = 1-— oo (4N
Dk + Gk PN-1+gN-1

fork=1,.... N-1

4.4 Another Success Runs Example

Po = pi
Pita = 1-p;

fori =0,1,.... The transition matrix is of the form

po 1-—po
D1 1-p

D2 1-p2

Is state O recurrent or transient?

P(never returnto 0.X = 0) = [[(1 - p;)
i=0
State 0 is transient if -
H(l —pi) >0
i=0
which occurs when -
an < 00
n=0
Also,
(n) n—2
foo' = [T =pi) > pn-a
i=0

Hence the probability of ever returning to state 0 is

9] © /n—2
Yt =3 <H(1 —pi) > pn—l)
n=0

n—1 \i=0
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4.4.1 Simplex Pivots (Ross)

Consider a linear programming program

min cx
st Az =1b

z>0

where A is anm x n matrix. Consider a simple Markov chain model for the
Simplex Algorithm to describe the movement from extreme point to extreme point.
Suppose that the algorithm is at tht@ best extreme point. Then, after the next

pivot, the next extreme point is equally likely to be any of the 1 best extreme
points. In other words,

Py, =1
P = ! =1 1—1;9>0
) - Z—l ]* gty 1
Let
T, =min{n > 0;X,, = 1| Xo =i}
i-1
E(T;) = 1+ E(T;|X1=j)pi
=1
1 i—1
* g LA
7j=1
Therefore,
E(Th) = O
ET;) =1
1
E(T3) = 1+§
1 1 1
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By induction, this yields

E(T) =)~
j=17J
Furthermore, we note that
m
and
N-1
Tn =Y I
j=1
where

1 if the process ever visits

0 otherwise

Fact4.1. I1,...,Iny_; are independent and

E(Ty) =

1
j
wiro - £}

Note that Vo1
Nd 1 N—ld
/—<Z<<1+/ =
1 T = J 1 x

J

N-1q
INN <) = <14In(N-1)

j=1
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HenceTnx ~ N(InN,InN) and for largen, m andn — m (using Sterling’s

approximation)
N = (”)
m

~
~

nn+l/2

(TL _ m)n—m+1/2mm+l/2‘ /2

Letc = n/m and we get
InN = (mc+ ;) In(mc)
_ (m(c 1+ ;) In(m(c — 1)

- (m—l— ;) Inm — izl In(27)

m [cln (Cfl> +Ine— 1)]

. C

then for large values af, we get

Q

Since

INN ~ m(1+log(c—1))

Note: For example, suppose = 8000 andm = 1000. Using the Central
Limit Theorem, the number of simplex iterations required to solve the problem
has a probability distribution that is approximately Gaussian (normal) with mean
p = (10001 + In7) and variance®> = 10001+ In 7).1 Since the probability that

a standard Gaussian distributign£ O, ol = 1) exceeds 1.96 is 0.25, we have

2945 + 1.96v2945
2945 + 106

iterations would be required with probabilityd.

What is truly remarkable, is the narrow width of this 95% prediction interval.

That s, lettinga = m (1 +In((n/m) — 1)) we getTn ~ N(a,a)
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